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Introduction

HERE are numerous applications of coupled conductive-
radiative heat transferin participating media. The heat transfer
in spherical media corresponds to many important applications in
differentareas such as spherical propulsionsystems, nuclear energy
generation and explosions, astrophysics, thermal insulation sys-
tems, glassindustry, and solar energy systems. Several authors have
treated the problem of combined steady-state conduction and radi-
ation heat transfer in homogeneous, spherical media for isotropic
and anisotropic scattering.! ™
In this study, the coupled conductive-radiative heat transfer
through an inhomogeneous, turbid, anisotropically scattering
medium is studied. The medium is consideredto be a spherical shell
with diffusely reflecting and isothermal boundaries. The variational
method>® is used to solve the radiative transfer problem using trial
functionsin terms of the Pomraning’ solution of the corresponding
free-source problem. An iterative method is taken to solve the non-
linear relation between the conductive energy equation and the ra-
diative problem. The calculationsare carried out for inhomogeneous
media with isotropic and forward and backward anisotropic scatter-
ing. The boundaries of the media are considered to be isothermal
and may be transparent or diffusely reflecting boundaries. The cal-
culationsare used to study the effects of the single scattering albedo,
the anisotropic scattering parameter, the conduction-radiation pa-
rameter, and the heat source.

Basic Equations

The dimensionless temperature distribution ® (7) through a par-
ticipating medium between two concentric spheres with radii 7; and
7, is described by the conservation of energy equation’
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subject to the boundary conditions

O(7) =0y,
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where 7 is the optical location (f dso,), o, is the extinction coeffi-
cient, N is the conduction-radiation parameter (kcrt/4n2c7Tr4), k is
the thermal conductivity, n is the refractive index of the medium,
o is the Stephan-Boltzmann constant, 7, is a reference tempera-
ture, H is used to denote prescribed heat generation in the medium
(h/ kcrf T,), h is the volumetric heat generation, ® is the dimension-
less temperature (7'/ T,), and ® | and ®, are the dimensionlesstem-
peraturesof both the inner and outer boundaries, respectively, which
are constants. G () is the dimensionless net flux [7q(7)/n?cT?,
where ¢(7) is the radiative net flux] due to radiation transfer and is
defined by

1
Gi(7) =/ dpp¥(r, 1) 3)
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W(z, u) is the dimensionless radiance [71(z, /.t)/l’lZCTTr4, where
I(z, 1) is the radiative intensity] at optical position 7 and scattering
angle cosine p and is described mathematically in an anisotropic
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scattering,inhomogeneous,sphericalmedium by the radiativetrans-
fer equation®
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with boundary conditions

W(r, p) =60 + 2007 (n)

W(1y, —p) = 05 + 2p¢J* (1), u =0 (5)
Here p(u, n') is the scattering phase function, which can be given
as an expansion in terms of the Legendre polynomial P, (1), and
o(7) is the spatially dependentsingle scatteringalbedo. Also, ¢; and
pl.", with i =1 and 2, are the emissivities and diffuse reflectivities,
respectively, of the boundaries and are related by ¢; + p¢ =1. The
partial radiative fluxes J*(x) are defined by

i
JE(x) =/ dpp¥(x, £u) (6)
0

This combined conductive-radiative heat transfer problem has
mathematical complexity due to the nonlinear relation of the tem-
perature distribution between both the radiative transfer equation
and the conductive energy equation. Also, the solution of the ra-
diative transfer equation itself shows complexity due to the need
for a particular solution of the integro-differentialequation due to
the existence of the energy source. Using the integral equations of
the problem that contains the effect of the energy source and the
boundary conditions without needing the particular solution solves
the latter complexity. Using an iterative technique to overcome the
nonlinearity relationship of the temperature distribution solves the
first complexity.

Integral Equations

The conductive energy Eq. (1) under the effect of the boundary
conditions of Eq. (2) can be integrated to give
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The integro-differential radiative transfer equation represented
by Eq. (4) with the boundary conditions of Eq. (5) is transformed,
for linear anisotropic scattering, into integral form to give both the
dimensionless radiance G((7) and the dimensionless net radiative
flux G(7) as’

1 (" ‘
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P, (x)isthe Legendrepolynomialof orderm and argumentx, ay =1
anda, =a*, where a* is the linear anisotropicscattering coefficient,
which can be calculated using the relation’

N D" 2m)! (10)
22nml(m + 1)!

m =0
where a, are Legendre polynomial expansion coefficients of the
scattering phase function p(u, ¢’) and are calculated in terms of
the refractive index n and the size parameter z[wd/ A, where d is
particlediameter and A is the wavelengthof the radiation of interest]
of the medium.?

The radiative transfer problem will be solved here using a varia-
tional technique® whereas the nonlinear relationship for the energy
source term will be solved using an iterative method.

Variational Method

To solve the radiative transfer problem described by Eq. (8) using
the variational technique ! the operators must be symmetric. Thus,
multiplying Eq. (8) by [ w(7)]leads to

T7,,G.(y) = ®,(1) (1
where
T, =/ 'dy[é(r —y) + (%)L;m(r, y)} (122)
G, (1) =14/ 0(7)G,,(7) (12b)
L:(1,9) = o(T)Lyu(T, )3/ 0(y) (12¢)
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The solution using the variational method is carried out by as-
suming trial functions Go(7) and G;(t), which tend to converge

to G;(t) and G{(7) after optimizing the two functionals defined
by

Fm(Gm) =2/ - dTGm(T)cDm(T) - / - dTGm(T)Tme(y)
T 7

m=0,1 (13)

The two trial functions are assumed to be in terms of the asymptotic
solution of the problem as®’

Gu(v) =[1/vo(0) |[Ar, exp(—v) + Ay, exp(ve)]  (14)

where A, and A,,, are constants to be determined whereas v is
defined by the transcendentalequation

Qvi®)[V +a*@(l — @)]/[V + a*(1 — @)]
=fta[(1 + v)/(1 = V)] (15)

where @ is the spatial average of w(7); thatis,

c‘o:/ drrza)(r)// drt?
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The constants A,,, and A,,, are determined by optimizing the func-
tionals F,, as

O _ 20 0,1 (16)
= = m =
aAlm aAZm ’ ’

This optimization leads to use the trial functions G,,(7) instead of
G (7) to calculate G, (7).

Calculations Method

To solve the radiative transferequation, we must know the dimen-
sionlesstemperaturedistribution® (7). The dimensionlesstempera-
ture distributionis described by the conductiveenergy equation that
contains the dimensionless radiative net flux that is given by solv-
ing the radiative transfer equation. Because the relation between the
dimensionlesstemperaturedistributionand the dimensionlessradia-
tive net flux is a nonlinear relation, we will use an iterative method
to solve the problem. The iteration procedure is started assuming a
dimensionless temperature distribution

O(1) =0, —[(n — )/ (r) (1 )/ (7 — )]

x[(©, - @) + (H/6)(3 — 1)) + (H/6)(cF — %) (1T)

This form of ®(7) is used in Eq. (8) with the variational method
to calculate the first iteration of the dimensionlessradiative net flux
G (7). These values of the dimensionlessradiative net flux are used
in Eq. (7) to find new values of ©®(7), which are used in Eq. (8) to
calculatenew valuesof G (7), and so on, to yield convergentresults
for both ®(7) and G (7).

The conductive-radiative physical quantities that will be calcu-
lated here are the dimensionless temperature distribution ® (7) de-
fined by Eq. (7) and the dimensionless total heat flux, which is the
sum of the dimensionlessconductiveheat flux and the dimensionless
radiative heat flux, defined by

do(r)  G(7)

+
dr (2N)

Or(r) =— (18)

Results and Discussion

The dimensionlesstemperaturedistribution® (7) and dimension-
less total heat flux Q7 (7) are calculated for a spherical shell of
radii 7; =1 and 7, =2 and for boundaries of constant temperatures
®; =1and ®, =0. The calculationsare carried out for isotropically
scattering, and for forward and backward anisotropicallyscattering,
inhomogeneous media.

The effects of the conduction-radiation parameter N and
the heat generation H on the temperature and total heat
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Fig. 1 Effects of conduction-radiation parameter and heat generation
on distributions of a) temperature and b) total heat flux.

flux distributions for an inhomogeneous medium of isothermal,
transparent boundaries with a single scattering albedo w(7) =
0.8 — 0.47/ W, for isotropic scattering are studied in Fig. 1. Here,
W, =(z) " =t *3)/ (¥} — ©). The solid curves are for N =0.1
and the dotted curves for N =1.0. The results show that the
conduction-radiation parameter has a small effect on the tempera-
ture distribution inside the medium. The total heat flux is strongly
affected by the conduction-radiatimm parameter where it decreases
as the parameter increases. The temperature inside the medium in-
creases as H increases. The total heat flux decreases in the medium
from the inner surface to the center, whereas it increases from the
center to the outer surface as H increases.

In Fig. 2, the calculations of the dimensionless temperature and
total heat flux distributions are carried out for inhomogeneous me-
diahavingconduction-radiationparameter N =0.1, heat generation
H =0.5, and isothermal, reflecting boundaries with diffuse reflec-
tivities p! =p§ =0.2. The calculations are carried out for forward
(solid curves) and backward (dotted curves) anisotropic scatter-
ing using anisotropiccoefficientsa* =1.81715anda* = —0.58659,
respectively. The forward anisotropic scattering medium has re-
fractive index n =1.2 and size parameter z =2, and the backward
anisotropic medium has n =00 and z =1. The coefficients a,, in
Eq. (10) for both cases are taken from Ozisik.® The results are given
for single scattering albedos wl(7) =2t/15W,, w2(r) =0.8 —
0.47/ Wy, and ©3(7) =0.8 + 0.57/15W, — 0.4t%/ W,, which have
averagevalues0.1,0.5,and 0.8, respectively. The calculationsshow
thatincreasingof the single scatteringalbedo decreasesthe tempera-
ture inside the medium while the total heat flux is almost unaffected.
Also, the temperaturedistributioninside the medium is relativelyin-
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Fig. 2 Effects of the single scattering albedo and the anisotropic scat-
tering coefficient on distributions of a) temperature and b) total heat
flux.

sensitive to the change in the anisotropic scattering parameter while
the total heat flux decreases as the anisotropic parameter decreases.
However, the effects of both the single scattering albedo and the
anisotropic parameter are small.

Conclusions

The coupled of conductive and radiative heat transfer in an in-
homogeneous, anisotropicallyscattering gray medium containedin
a spherical shell of diffusely reflecting boundaries having constant
temperatures is considered. The variational method is used to solve
the radiative problemusing trial functionsin terms of the Pomraning
solution’ (also see Ref. 6) of the differential form of the free-source
problem. The nonlinearity problem between the radiative transfer
equation and the conductive energy equation is solved using an
iterative method. The iteration procedure is started assuming a first
temperature distribution, whichis used to calculate the firstiteration
of the radiative net flux. These values of the radiative net flux are
used to find new values for the temperature distribution, which are
used to calculate new values of the radiative net flux, and so on, to
yield convergent results for both the temperature distribution and
the radiative net flux.

The calculations are carried out for inhomogeneous media with
different forms of spatially dependent single scattering albedo. The
results are given for forward anisotropic, isotropic, and backward
anisotropic media. The boundaries of the media are considered as
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transparent or diffusely reflecting boundaries with constant tem-
peratures. These calculations are used to study the effects of the
single scattering albedo, the anisotropic parameter, the conduction-
radiation parameter, and the heat source on the physical quantities.
The single scattering albedo and the anisotropic scattering coef-
ficient have small effects on the physical quantities whereas the
conduction-radiationparameterand the heatgenerationhave greater
effects.
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